We study projections onto a subspace and reflections with respect to a subspace in an arbitrary vector space with an inner product. We give necessary and sufficient conditions for two such transformations to commute. We then generalize the result to affine subspaces and transformations.
Introduction
Two lines 1  and 2  in 2  are considered. When is the reflection over 1  followed by the reflection over 2  the same as the reflection over 2  followed by the reflection over 1  ? It is easy to see that it is the case if and only if 1 2 ⊥   or 1 2 =   . When considering subspaces of 3  , we can ask similar questions for lines, for planes or for the mixed case of one line and one plane. Instead of addressing those cases one by one, we generalize the situation of arbitrary two linear subspaces of a vector space with an inner product.
Projection
Supposing that U is a vector space equipped with an inner product, V U ⊂ is a linear subspace of U. Given a vector u U ∈ , we know from linear algebra [1] [2] that u can be decomposed uniquely as 
if and only if 
is similar.  Suppose U is a vector space and V, W are two subspaces of U. Intersecting the identity ( )
It is obvious that these two sums are orthogonal. Denote
On the other hand, by the fourth property of projection above, 
Reflection over a Subspace
Supposing that U is a vector space equipped with an inner product, V U ⊂ is a subspace of U. We define the refection of u U ∈ with respect to V as
The above formula can be easily derived from the observation that ( )
K. 
Projection onto a Translated Subspace
Define the projection of u U ∈ onto a translated subspace 
which is the second equation.
Reflection over a Translated Subspace
We next discuss the reflection over a translated subspace. Let V U ⊂ be a subspace. A translated subspace is
We define the reflection of u U ∈ over V as 
Proof. 
